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In the noncommutative geometry approach to the standard model, an extra scalar field σ - initially suggested
by particle physicist to stabilize the electroweak vacuum - makes the computation of the Higgs mass com-
patible with the 126 GeV experimental value. We give a brief account on how to generate this field from
the Majorana mass of the neutrino, following the principles of noncommutative geometry.
Talk given by P.M. at Corfou Workshop on noncommutative field theory and gravity, september 2013
The idea that the Higgs field is somehow related to a noncommutativity of spacetime emerged in the late
80’- early 90’[10, 14] and reached its full achievement with Connes and al [3, 9] description of the Standard
Model of elementary particles [SM] in terms of noncommutative geometry [NCG]. The latter is a general-
ization of Riemannian geometry, that allows to incorporate in a single geometrical object the gravitational
degrees of freedom (the commutative part of the geometry) and the quantum ones (the noncommutative
part). The central object in this description is a generalized Dirac operator D, whose components are the
usual Dirac matrices, the Yukawa couplings of the fermions and the mixing parameters for quarks and
neutrinos. The SM Lagrangian minimally coupled to the Einstein-Hilbert action (in Euclidean signature)
is retrieved from one single action formula. Furthermore, the mass of the Higgs boson comes as a func-
tion of the other parameters of the theory, thus can be calculated. The model has been through various
improvements [6], but the prediction was always around mH = 170 GeV, a value ruled out by Tevratron
in 2008.
The discovery of a 126 GeV Higgs boson in summer 2012 at LHC raised the question of the stability of
the electroweak vacuum: the quartic selfcoupling in the Higgs potential becomes negative at high energy,
indicating the vacuum is not stable but metastable (fig. 1). There does not seem to be a consensus whether
this is a real problem or not: on the one hand the lifetime of this metastable state is longer than the age of the
universe, on the other hand metastability may have some cosmological consequence, it seems unlikely that
at early age the Higgs field has been trapped everywhere in the false vacuum, and in some firewall scenario
the metastability might even have catastrophic consequences (there is a vast literature on the subject, see
e.g. [12] and references within for a recent account). Furthermore, 126 Gev is very close to the stability
zone (fig. 2), suggesting that new physics may be around the corner. This instability can be cured by a
new scalar field σ coupled to the Higgs (e.g. [15]). As a bonus, by taking into account this field in the
description of the SM in NCG, it is possible to bring the value of mH to 126 GeV, without modifying
the fermion contain of the SM [5] (using an extra scalar field in NCG to lower mH was already in [19],
but required new fermions). The point is thus to understand how to obtain σ intrinsically within the NCG
framework.
In [5] this is done by turning into a field the (constant) Majorana mass term kR of the neutrino, which
is one of the component of the generalized Dirac operator D. However the substitution kR → σkR is
somehow ad-hoc: why should this - and only this - component of D become a field? In this proceeding we
give a non-technical summary of our recent proposal [13] on how to obtain σ within the NCG framework.
We also discuss our result, in particular in the light of another proposal made almost simultaneously in
[7, 8].
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FIG. 3: Schematic of the effective potential Veff as a function
of the Higgs field h. This is not drawn to scale; for a Higgs
mass in the range indicated by LHC data, the heirarchy is
vEW ! E∗ ! MPl, where each of these 3 energy scales is
separated by several orders of magnitude.
in Fig. 3. The plot is not drawn to scale; the 3 energy
scales satisfy the hierarchy vEW ! E∗ !MPl for a Higgs
mass as indicated by LHC data mH ∼ 125 − 126GeV.
Note that the local maximum in the potential occurs at
a field value that is necessarily very close to E∗ (only
slightly smaller) and so we shall discuss these 2 field val-
ues interchangeably.
In this situation, the electroweak vacuum is only meta-
stable. Its quantum mechanical tunneling rate can be es-
timated by Euclideanizing the action and computing the
associated bounce action S0. This leads to the following
probability of decaying in time TU through a bubble of
size R [13]
p ∼ (TU/R)4e−S0. (6)
The computation of the rate is rather involved, and we
shall not pursue the details here. Suffice to say that for
the central values of Higgs mass and top mass from LHC
data, it is found that the lifetime of the electroweak vac-
uum is longer than the present age of the universe [14, 15].
It is conceivable that it is an acceptable situation for
the electroweak vacuum to be meta-stable. However, here
we would like to present an argument that such a situ-
ation is statistically disfavorable. We imagine that in
the very early universe, the Higgs field was randomly
distributed in space. For instance, during cosmological
inflation the Higgs field could have been frozen at some
value as the universe rapidly expands (if high scale in-
flation) until after inflation when the field will oscillate
and its initial value could plausibly have been random
and uniformly distributed. If this is the case, then what
is the probability that the Higgs field began in the meta-
stable region h . E∗, rather than the unstable region
h & E∗? The answer depends on the allowed domain the
Higgs can explore. Here we estimate the allowed domain
to be Planckian, i.e., 0 < h < MPl, but our argument
only depends on the upper value being much larger than
E∗. Naively, this would lead to a probability ∼ E∗/MPl,
however we should recall that the Higgs is a complex
doublet, composed of 4 real scalars, and each one would
need to satisfy h . E∗ in the early universe to be in the
meta-stable region. Hence, we estimate the probability
as
Prob (Higgs begins in meta-stable region) ∼
(
E∗
MPl
)4
.
(7)
For instance, for mH ≈ 125.5GeV and mt = 173.1GeV,
we have E∗ ∼ 1011GeV, leading to a probability ∼
(1011GeV/1019GeV)4 = 10−32, which indicates that the
chance of randomly landing in the meta-stable region in
the early universe is exceedingly unlikely. Instead it is
far more likely to land in the unstable region indicated
in Fig. 3. Here the effective potential is negative leading
to a catastrophic runaway instability, perhaps to a new
VEV that is close to Planckian. This would in turn lead
to a plethora of problems for the formation of complex
structures, etc, so we can safely assume such a regime is
uninhabitable and irrelevant. This leads us to examine
a scenario in which new physics enters and removes this
problem.
IV. PECCEI-QUINN DYNAMICS AND
DISTRIBUTION
One of the phenomenological reasons for new physics
beyond the Standard Model is the fine tuning of the CP
violating term in the QCD Lagrangian. The following
dimension 4 operator is gauge invariant and Lorentz in-
variant and should be included in the QCD Lagrangian
with a dimensionless coefficient θ
∆L = θ
32pi2
#µναβF aµνF
a
αβ . (8)
From bounds on the electric dipole moment of the neu-
tron, this term is experimentally constrained to satisfy
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sufficiently large Higgs mass, the positive self interaction
term ∼ +λ2 is large enough to keep the beta function
positive, or only slightly negative, to avoid λ running
negative at sub-Planckian energies. For sufficiently small
Higgs mass, the negative top quark contribution ∼ −y4t
can dominate and cause the beta function to go negative,
in turn causing λ to pass through zero at a sub-Planckian
energy, which we denote E∗. The top quark Yukawa cou-
pling itself runs toward small values at high energies with
1-loop beta function
βyt =
yt
(4pi)2
[
−9
4
g2 − 17
12
g′2 − 8g2s +
9
2
y2t
]
, (3)
which is quite sensitive to the value of the strong cou-
pling gs. To compute the evolution of couplings and the
quantity E∗ = E∗(mH , yt, . . .) accurately, we do the fol-
lowing: (i) Starting with couplings defined at the Z mass,
we perform proper pole matching and running up to the
top mass, (ii) we include external leg corrections (and
the associated wavefunction renormalization), (iii) we si-
multaneously solve the 5 beta functi n differential equa-
tions for the 5 important couplings λ, yt, g
′, g, gs, and (iv)
we include the full 2-loop beta functions for the Stan-
dard Model; these are presented in the Appendix (see
Refs. [11, 12] for more information). In our numerics,
we use particular values of the couplings g′, g, gs, derived
from the best fit values
α(mZ) =
1
127.9
, sin2 θW = 0.2311, αs(mZ) = 0.1184.
(4)
In our final analysis, we will allow for three different val-
ues of mt =
√
2 yt vEW , namely the central value and 1-
sigma variationmt = 173.1±0.7GeV, and we will explore
a range of mH =
√
2λ vEW , with vEW = 246.22GeV.
Performing the RG evolution leads to the energy de-
pendent renormalized coupling λ(E). A plot of λ(E)
is given in Fig. 2 for three Higgs mass values, namely
mH = 116GeV (lower curve), mH = 126GeV (middle
curve), and mH = 130GeV (upper curve), with the top
mass fixed to the central value mt = 173.1GeV. This
shows clearly that for the lighter Higgs masses that the
coupling λ passes through zero at a sub-Planckian energy
scale E∗ and then remains negative. Furthermore, since
the coupling only runs logarithmically slowly with energy,
the value of E∗ can change by orders of magnitude if the
starting value of the couplings changes by relatively small
amounts. The domain E > E∗ involves a type of “attrac-
tive force” with negative potential energy density, as we
now examine in more detail.
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FIG. 2: Higgs self-coupling λ as a function of energy, for
different values of the Higgs mass from 2-loop RG evolu-
tion. Lower curve is for mH = 116GeV, middle curve is for
mH = 126GeV, and upper curve is for H = 1 0GeV. All
ot er Standard Model couplings have been fixed in this plot,
including the top mass at mt = 173.1GeV.
III. META-STABILITY AND PROBABILITY
If we think of the field value h as being he typical
energy pushed in a scattering process at e ergy E, then
we can translate the RG evolution of he c uplings into
an effective potential. Using λ(E) and replacin E → h,
we o tain the (RG improved) effective potential at high
energies (h% vEW )
Veff(h) =
1
4
λ(t)G(t)4 h4, (5)
where the wavefunction renormalization factor G is given
in terms of the anomalous dimension γ by G(t) =
exp(− ∫ t0 γ(t′)dt′), and we replace t → lnh/µ. Hence
for a Higgs mass in the range observed by the LHC,
the effective potential Veff goes negative at a field value
h = E∗ that is several orders of magnitude below the
Planck scale, as can be deduced from the behavior of
λ(E) with mH = 126GeV in Fig. 2.
We could plot Veff(h) directly, however the factor of h
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makes it vary by many orders of magnitude as we explore
a large field range. Instead a schematic of the resulting
potential will be more illuminating for the present discus-
sion in order to highlight the important features, as given
Fig. 1 Higgs quartic selfcoupling and the effective potential (from [17]).
A spectral triple is a ∗-algebra A that acts faithfully on a Hilbert space H, together with an operator D
on H uch that [D, a] is bounded nd a[D − κI]−1 is co act for ll a ∈ A and κ /∈ Sp D. With some
extra-conditions that are the algebr ic version of the geometrical properties of a Riemannian manifold, and
that in lu e th definition of two m re operators (a chirality Γ and a real structure J), Connes showed [11]
that to any spectral triple (A,H, D) with A unital and commutat ve is associat d a compact Riemannian
spin manifoldM such thatA = C∞(M). These conditions easily adapt to the noncommutative case. The
ones that are important for the present ork are t e grading, the ord r 0 and the order 1 conditions:
[Γ, a] = 0, [a, JbJ−1] = 0, [[D, a], JbJ−1] = 0 ∀a, ∈ A. (1)
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Figure 5: Regions of absolute stability, meta-stability and instability of the SM vacuum in the Mt–
Mh plane. Right: Zoom in the region of the preferred experimental range of Mh and Mt (the
gray areas denote the allowed region at 1, 2, and 3 ). The three boundaries lines correspond to
↵s(MZ) = 0.1184± 0.0007, and the grading of the colors indicates the size of the theoretical error.
The dotted contour-lines show the instability scale ⇤ in GeV assuming ↵s(MZ) = 0.1184.
3.3 Phase diagram of the SM
The final result for the condition of absolute stability is presented in eq. (2). The central
value of the stability bound at NNLO on Mh is shifted with respect to NLO computations
(where the matching scale is fixed at µ =Mt) by about +0.5GeV, whose main contributions
can be decomposed as follows:
+ 0.6GeV due to the QCD threshold corrections to   (in agreement with [14]);
+ 0.2GeV due to the Yukawa threshold corrections to  ;
  0.2GeV from RG equation at 3 loops (from [12,13]);
  0.1GeV from the e↵ective potential at 2 loops.
As a result of these corrections, the instability scale is lowered by a factor ⇠ 2, forMh ⇠ 125
GeV, after including NNLO e↵ects. The value of the instability scale is shown in fig. 4.
The phase diagram of the SM Higgs potential is shown in fig. 5 in the Mt–Mh plane,
taking into account the values for Mh favored by ATLAS and CMS data [1, 2]. The left
plot illustrates the remarkable coincidence for which the SM appears to live right at the
border between the stability and instability regions. As can be inferred from the right plot,
which zooms into the relevant region, there is significant preference for meta-stability of the
SM potential. By taking into account all uncertainties, we find that the stability region is
disfavored by present data by 2 . For Mh < 126 GeV, stability up to the Planck mass is
excluded at 98% C.L. (one sided).
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Fig. 2 Stability of the electroweak vacuum in the mtop,mH plane (from [12]).
The s ectral triple of the SM is the product of th spectral triple (C∞(M), L2(M, S), ∂/) of a compact
Riemannian manifoldM (here L2(M, S) is the Hilbert space of spinors and ∂/ is the usual Dirac operator)
by a finite dimensional spectral triple
Asm = C⊕H⊕M3(C), HF = CN×32 = HR ⊕HL ⊕⊕HcR ⊕HCL (2)
DF =

08N M MR 08N
M† 08N 08N 08N
M†R 08N 08N M¯
08N 08N M
T 08N
 N = ] generations. (3)
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The Hilbert space HR = CN×8 is the space of right fermions (6 colored quarks + 1 lepton + 1 neutrino),
HL is the space of left fermions and HCR,HcL are the ones of antifermions. The matrix M contains the
quarks, leptons, neutrinos (Dirac) mass with CKM mixing; MR contains the Majorana neutrinos mass kR.
The chirality is γF = diag(I8N ,−I8N ,−I8N , I8N ) and the real structure is an antidiagonal matrix with
entries I16N , I16N . The total spectral triple is
A = C∞(M)⊗Asm, H = L2(M, S)⊗HF , D = ∂/⊗ IN×32 + γ5 ⊗DF (4)
with Γ = γ5 ⊗ γF and J = J ⊗ JF , where J is the charge conjugation operator.
The gauge fields of the SM (including the Higgs) are obtained by fluctuation of the Dirac operator
substituting D with
DA = D +A+ JAJ
−1 (5)
whereA is a generalized gauge potential, i.e. a selfadjoint element of the form
∑
i ai[D, bi] with ai, bi ∈ A.
This amounts to turning the constant components of M in DF into fields on the manifoldM. The spectral
action Trf(DAΛ ) with f a smooth approximation of the characteristic function of the interval [0, 1] and Λ an
energy scale, then yields the bosonic part of the Lagrangian of the SM minimally coupled with Einstein-
Hilbert action. It requires a unique unification scale Λ. With Λ = 1017GeV, the running of the Higgs
quartic selfcoupling λ under the big desert hypothesis yields mH =
√
2λ vEW ' 170 GeV. After having
turned into a field kRσ the neutrino Majorana mass kR, the same procedure allows to pull back mH to
126 GeV.
One may think to obtain σ as the other bosonic fields, i.e. thanks to a fluctuation of the metric. Unfor-
tunately the order 1 condition prevents this. Denoting DR the part of DF that contains only the neutrino
mass, one has
[[DR, a], JbJ
−1] = 0 ∀a, b ∈ Asm =⇒ [DR, a] = 0. (6)
In other terms, because of the first order condition there is no way to obtain σ by a fluctuation of the
Majorana part of the finite dimensional Dirac operator DF .
In [13] we proposed to obtain σ starting from a bigger algebra than the one of the SM. Under natural
assumptions (irreducibility of the representation, existence of a cyclic vector), technical requirements of
the NCG model (there is a representation of the opposite algebra that commutes with the action of the
algebra and is implemented by an operator that commutes with the chirality) and a hypothesis on the role
of quartenion, one has that the most general finite dimensional algebra satisfying the axiom of noncommu-
tative manifolds is of the form [4]: Ma(H)⊕M2a(C), a ∈ N, and acts on an Hilbert space of dimension
d = 2× (2× a)2. The case a = 1 is too small to get the gauge group of the SM as the group of unitaries
of M(H) ⊕M2(C). The next choice a = 2 yields d = 32, that is the number of fermions per generation.
As explained in [4], the grading condition imposes the reduction
M2(H)⊕M4(C) −→ ALR = HL ⊕HR ⊕M4(C). (7)
The order 1 condition and neutrino mass further imposes
ALR −→ HL ⊕HR ⊕M3(C)⊕ C −→ HL ⊕ C′ ⊕M3(C)⊕ C (8)
with C = C′. Hence the the reduction of AF to the algebra Asm of the standard model.
The case a = 3 yields d = 72. There is no obvious relation with the 32 particles/generation of the SM.
Interestingly, a = 4 yields d = 128, which is 4 times the number of particles/generation. Viewing 4 as the
number of components of a Dirac spinor on a 4-dimensional manifold, one can thus decompose the total
Hilbert space (for 1 generation), using the fermion doubling of the model [18], as
H = L2(M, S)⊗HF = L2(M)⊗ HF where HF = C4 ⊗HF = C4 ⊗ C32 = C128. (9)
4 Devastato, Lizzi, and Martinetti: Higgs NCG
In writing (9) we ignore global obstruction and assume that the r.h.s. equality of the first equation above
holds on a local trivialization of the spin bundle. The idea we want to promote is that by mixing the spin
degrees of freedom (s = l, r for the left, right components of a Dirac spinor, s˙ = 0˙, 1˙ for the (anti)-particles
ones) with the internal degrees of freedom
C = p, a (particle, antiparticles), I = 0, 1, 2, 3 (lepto-color), (10)
α = uR, dR, uL, dL (I = 1, 2, 3), eR, νR, eL, νL (I = 0) (flavor), (11)
then the Hilbert spaceH of the standard model is big enough to represent the grand algebra (a = 4)
AG = M4(H)⊕M8(C) (12)
(tensorized by C∞(M)) without touching the SM particle contents, and satisfying the order 0 condition.
Explicitly the representation is as follows. We denote a spinor inH as ΨCIss˙α and view both Q ∈M4(H)
and M ∈M8(C) as 2× 2 block matrices, with block 4× 4 complex matrices:
Q =
(
Q0˙β
0˙α
Q1˙β
0˙α
Q0˙β
1˙α
Q1˙β
1˙α
)
, M =
(
MrIrJ M
lI
rJ
MrIlJ M
lI
lJ
)
. (13)
Viewing the components of the matrices in (13) as functions onM, an elementA = (Q,M) in C∞(M)⊗
AG acts onH as
Att˙CIβss˙DJα =
(
δC0 δ
t
sδ
I
JQ
t˙β
s˙α + δ
C
1 M
tI
sJδ
t˙
s˙δ
β
α
)
. (14)
The indices β, J run on the same set as α, I . The Dirac operator, chirality and real structure are unchanged.
The grading condition imposes the reduction
AG = M4(H)⊕M8(C) −→ A′G = (M2(H)L ⊕M2(H)R)⊕ (M4(C)l ⊕M4(C)r).
A solution of the first-order condition of the Majorana Dirac operator only, γ5 ⊗DR, is
A′G −→ A′′G = (HL ⊕H′L ⊕ CR ⊕ C′R)⊕ (Cl ⊕M3(C)l ⊕ Cr ⊕M3(C)r)
with CR = Cr = Cl. The main result of [13] is that for A ∈ A′′G
[γ5 ⊗DR, A] is not necessarily zero. (15)
In other terms, starting from the grand algebra one can generate the field σ by a fluctuation of the Majorana
mass term which respects the first order condition imposed by the Majorana mass term.
The further reduction to the standard model, that is C′R = CR,H′L = HL,M3(C)l = M3(C)r, is
obtained by the first order condition on the non-Majorana part of the Dirac operator.
Let us now discuss our result. The representation (13) ofC∞(M)⊗AG together with the Dirac operator
in (4) do not yield a spectral triple, because whatever A ∈ C∞(M)⊗AG, the operator
[∂/⊗ I32, A] = P + Tµ∂µ (16)
(P and Tµ are matrices whose explicit form is given in [13]) is not bounded. It becomes bounded if Tµ = 0
for all µ = 1, .., 4, but this precisely means that the action of the grand algebra should be diagonal on the
spinorial indices, meaning the reduction of AG to Asm. Thus the mixing of the spin and internal indices
has two consequences:
- the bounded bosonic operators B generated by a fluctuation of the Dirac operator include the field σ;
- there is a “deeper alteration of spacetime”, encoded within the unbounded operator Tµ∂µ.
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This last point is the most open to drastic changes which may be imagined, for example like dropping out
the associativity of the algebra [16].
Alternatively, one may imagine a cosmological scenario beginning with a “pre-geometric phase”, de-
scribed by the grand algebra and the finite dimensional Dirac operator γ5 ⊗DR. The right neutrino would
then play the role of a “primary elementary particle”, that generates the field σ. Then usual geometry (en-
coded within the free Dirac operator ∂/⊗ I) emerges at a later stage, and provokes the reduction to the SM.
This makes and interesting echo to a recent inflationary interpretation of the field σ [2]. Moreover very
recent data [1] seem to indicate an inflationary scale at a scale of 1016 GeV, a scale in broad agreement
with the unification of the coupling constant required by this approach. From a more mathematical point of
view, we stress that the triple (C∞(M)⊗AG,H, γ5 ⊗DR) satisfies the bounded commutator condition,
but γ5 ⊗DR has no compact resolvent.
To summarize, the grand algebra transfers the problem of generating σ from the noncommutative to the
commutative part of the geometry: with the algebra of the standard model, C∞(M)⊗Asm, the first order
condition is always satisfied by the free Dirac operator, the problem is all in DR. Using the grand algebra,
we have that γ5 ⊗DR both generates the field σ and satisfies the first-order condition. But the free Dirac
does not satisfies this condition (neither the bounded commutator one). Of course this is not satisfactory
but this suggests interesting path to explore.
Another question is whether the reduction to the SM imposed by the first order condition can be under-
stood dynamically (i.e. by a minimization of the spectral action), as in the model of Chamseddine, Connes
and van Suijlekom where σ is generated from Asm by a fluctuation without first order condition.
Acknowledgements The authors thank W. van Suijlekom for discussion.
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